Abstract. A function complex is introduced on the category of flows so that the model category of flows becomes a simplicial model category. This allows us to show that the homotopy branching space of the cone of a morphism of flows is homotopy equivalent to the cone of its image by the homotopy branching space functor. The crux of the proof is that the homotopy branching space of the terminal flow is contractible. We then easily deduce a long exact sequence for the branching homology of a flow.
Introduction
In [7] , the reader will be able to find a survey of the different geometric approaches of concurrency. The model category of flows was introduced in [2] to model higher dimensional automata (HDA). It allows the study of HDA up to homotopy (cf. also [4, 5] ). Once we have a notion of deformation, it is natural to find algebraic invariants. The branching homology (and dually the merging homology) is the simplest one. It is first introduced for the framework of flows in [2] , and corrected in [3] where it is proved that the homology of the homotopy branching space is the correct construction (and not the homology of the branching space).
The first result of this paper is that the model category of flows is actually a simplicial model category. More precisely, the singular nerve Map(X, Y ) of the topological space of morphisms of flows from a flow X to a flow Y satisfies the following Using this structure, one can deal with homotopy colimits, and in particular with homotopy pushouts of flows. As a first application, one proves that A long exact sequence for the branching homology is then easily deduced. All results of this paper can be readily adapted to the case of the homotopy merging space and its corresponding homology.
Reminder about the category of flows
The category Top of compactly generated topological spaces is complete, cocomplete and cartesian closed (more details for this kind of topological spaces in [1, 11] , the appendix of [10] and also the preliminaries of [2] ). Let us denote by TOP (X, −) the right adjoint of the functor − × X : Top −→ Top. For the sequel, any topological space will be supposed to be compactly generated.
Let n 1. Let D n be the closed n-dimensional disk. Let S n−1 = ∂D n be the boundary of D n for n 1. Notice that S 0 is the discrete two-point topological space {−1, +1}. Let D 0 be the one-point topological space. Let S −1 = ∅ be the empty set.
Theorem 2.1. [8, 9] The category of compactly generated topological spaces can be given a model structure such that:
(1) The weak equivalences are the weak homotopy equivalences. 
Definition 2.2. [2]
A flow X consists of a topological space PX, a discrete space X 0 , two continuous maps s and t from PX to X 0 and a continuous and associative map * : {(x, y) ∈ PX × PX; t(x) = s(y)} −→ PX such that s(x * y) = s(x) and t(x * y) = t(y). A morphism of flows f : X −→ Y consists of a set map f 0 : X 0 −→ Y 0 together with a continuous map
The corresponding category will be denoted by Flow.
The topological space X 0 is called the 0-skeleton of X. The topological space PX is called the path space and its elements the non constant execution paths of X. The initial object ∅ of Flow is the empty set. The terminal object 1 is the flow defined by 1 0 = {0}, P1 = {u} and necessarily u * u = u. 
The simplicial model category of flows
The purpose of this section is the construction of a simplicial model structure on the category of flows. (
which is associative (3) for any object X of C and any simplicial set K, there exists an object X ⊗ K of C such that there exists a natural isomorphism of simplicial sets
(4) for any object X of C and any simplicial set K, there exists an object X K such that there exists a natural isomorphism of simplicial sets 
is a fibration of simplicial sets. Moreover if either i or p is trivial, then the fibration Q(i, p) is trivial as well.
Notation 3.2. The category of simplicial sets is denoted by SSet.
Recall that there exists a pair of adjoint functors | − | : SSet ⇄ Top : S * where | − | is the geometric realization functor and S * the singular nerve functor. The n-simplex of SSet is denoted by ∆[n]. Its boundary is denoted by S[n − 1]. Let ∆ n be the n-dimensional simplex. One obtains as usual a cosimplicial object of the category of topological spaces that will be denoted by ∆ * [11] .
The category of compactly generated topological spaces Top is a simplicial model category by setting Map(X, Y ) n := Top(X × ∆ n , Y ), X ⊗ K := X × |K| and X K := TOP(|K|, X). The category of simplicial sets SSet is a simplicial model category as well
Let U be a topological space. Let X be a flow. The flow {U, X} S is defined as follows:
(1) The 0-skeleton of {U, X} S is X 0 .
(2) For α, β ∈ X 0 , the topological space P α,β {U, X} S is TOP(U, P α,β X) with an obvious definition of the composition law.
If X and Y are two flows, then the set Flow(X, Y ) can be given the Kelleyfication of the relative topology induced by the set inclusion Flow(X, Y ) ⊂ TOP(X, Y ). One obtains the topological space FLOW(X, Y ). 
The flow {∅, X} S is the flow having the same 0-skeleton as X and exactly one non-constant execution path between two points of X 0 . At last, there exists a natural isomorphism of sets
Theorem 3.5.
[2] Let U be a non-empty connected topological space. Let X and Y be two flows. Then one has the natural isomorphism of sets
Moreover, one cannot remove the connectedness of U from the statement of this theorem.
Since any flow is a colimit of points and globes (cf. [2] ), the functor U ⊠ − : Flow −→ Flow for a given topological space U is the unique functor such that Proof. Since ∆ n is connected, one has the isomorphism of sets
Let X, Y and Z be three flows. Then
for n 0 since the ∆ n are connected. So the continuous map
Definition 3.8. Let K be a non-empty simplicial set. Let X be a flow. The flow X ⊗ K is by definition the flow
where the U i are the connected components of K. If K is empty, one sets X ⊗ ∅ = ∅, i.e. the initial object of Flow.
Theorem 3.9. Let K be a simplicial set. Let X and Y be two flows. Then one has a natural isomorphism of simplicial sets
Proof. One can suppose the simplicial set K non-empty. Let U i be the connected components of K. Let n 0. Since the functor U ⊠ − is a left adjoint, it commutes with colimits. So
For purely categorical reasons, the latter set is isomorphic
But the geometric realization of simplicial sets commutes with finite products [9] . So one
At last, one has 
Proof. One can suppose the simplicial set K non-empty. Let U i be the connected components of K. Let n 0. For purely categorical reasons, one has
The adjunction of Theorem 3.4 gives the isomorphism
Since the topological space |U i | × ∆ n is connected, one obtains
For purely categorical reasons again, one has
Since Top is cartesian closed, one has the homeomorphism i (
The latter set is exactly Map (K, Map(X, Y )) n . Proof. Using [12, 6] , we know that it suffices to show that the morphism of flows
is a fibration (resp. trivial fibration) for any n 0 as soon as X −→ Y is a fibration (resp. trivial fibration) of flows. For n = 0, one has to check that
is a fibration. Since ∆[0] is connected, X ∆[0] = {∆ 0 , X} S = X. So there is nothing to check for n = 0. For n = 1, one has to check that
is a fibration. Since S[0] is the discrete two-point simplicial set, then
So one has to check that for any (α, β) ∈ X 0 × X 0 , the continuous map
is a fibration of topological spaces. Since the homeomorphisms
hold, one has to check that the continuous map
is a fibration of topological spaces. By hypothesis, the continuous map P α,β X −→ P α,β Y is a fibration of topological spaces by Lemma 3.12. Moreover the inclusion {−1, 1} ⊂ D 1 is a cofibration. Since Top is a simplicial model category, the case n = 1 is solved. Consider now the case n 2. Then both ∆[n] and S[n − 1] are connected. Therefore X ∆[n] = {∆ n , X} S ∼ = {D n , X} S and X S[n−1] = {S n−1 , X} S . So one has to check that for any (α, β) ∈ X 0 × X 0 , the continuous map
is a fibration. This holds because 1) the category of topological spaces is a simplicial model category, 2) the inclusion S n−1 −→ D n is a cofibration and 3) at last the mapping P α,β X −→ P α,β Y is a fibration.
Hence the theorem 
Proof. Let V be another topological space. Then
The flow {U, C − (V )} S has {0} for 0-skeleton and TOP(U, V ) for path space. So one has the isomorphism of flows {U,
The proof is complete thanks to Yoneda's lemma.
Proposition 4.5. Let X be a flow and let K be a simplicial set. Then one has the natural homeomorphism
Proof. If K is empty, X ⊗ K = ∅, and P − ∅ = ∅. So the property holds. Otherwise consider the connected components U i of K. Then Proof. Following [8] , and since the category of flows is a simplicial model category, the flow holim − −− → X is the coequalizer of maps of the form
It is not necessary to give the whole formula to carry out the proof. Thus the topological space P − (holim − −− → X) is the coequalizer of
by Proposition 4.5, and since P − is a left adjoint functor. The latter topological space is exactly holim − −− → hoP − (X) since the category of topological spaces is a simplicial model category too. 
Then one has the homotopy pushout of flows
Proof. Since the category of flows is a simplicial model category, one can use the double mapping cylinder construction to calculate the homotopy pushout [8] . The homotopy colimit of Glob(U )
Glob(V ) 1 is then the colimit (let us denote it by L) of the diagram of flows
where Q(1) is a cofibrant replacement of the terminal flow. We do not need to take cofibrant replacements of Glob(U ) and Glob(V ) since U and V are already cofibrant. It is clear that
. . There exists a objectwise weak homotopy equivalence from the latter diagram to the diagram
since the cofibrant topological space PQ(1) is contractible. The colimit of the latter diagram is exactly the cone Cg of g. This is a well-known fact (cf. [8] ) that Z is thus homotopy equivalent to the cone Cg of g : U −→ V . One way to check this is to consider the Reedy category R where U and V are both cofibrant topological spaces and where g : U −→ V is a continuous map. The functor hoP − preserves homotopy pushouts by Theorem 4.6. Therefore one obtains the homotopy pushout of topological spaces
Since U is cofibrant, Glob(U ) is cofibrant as well, therefore Q(Glob(U )) is S-homotopy equivalent to Glob(U ). So the space hoP − Glob(U ) = P − Q(Glob(U )) is homotopy equivalent to P − Q(Glob(U )) = U . Since both U and V are cofibrant, then Cg is a cofibrant space. Therefore 
